
Multiplicative decomposition without yearly balance sheets

Assume we do not have annual balance sheet series but that we observe initial and final

capital stocks βt and βt+n. Assuming a uniform rate of capital gains q between years t and

t + n, as well as a uniform saving rate st = s and growth rate gt = g, the dynamic equations

can be rewritten as follows:

Wt+1 = (1 + q)(Wt + sYt)

Wt+2 = (1 + q)(Wt+1 + sYt+1) = (1 + q)2Wt + s[(1 + q)2Yt + (1 + q)(1 + g)Yt]

Wt+n = (1 + q)nWt + sYt[(1 + q)n + (1 + q)n−1(1 + g) + ...+ (1 + q)(1 + g)n−1]

That is:

Wt+n = (1 + q)n

Wt + s · Yt

(
1 + g

1 + q

)n
− 1

g − q
1 + q


Now define the corrected Harrod-Domar-Solow steady-state wealth-income ratio as follows:

β∗
q =

s(1 + q)

g − q
We have the following equation:

βt+n = (1 + q)n
[
βt

1

(1 + g)n
+ β∗

q

(
1

(1 + q)n
− 1

(1 + g)n

)]
(2)

For given βt, βt+n, g and s, there exists a unique q solving equation 2, with q > 0 if and only

if βt+n < βt
1

(1 + g)n
+ β∗(1 − 1

(1 + g)n
) and q < 0 if the reverse inequality holds. There is no

closed formula for q, but it can easily be computed by numerical methods (in practice a simple

tatonnement process works very well). We use equation 2 many times in this research in order

to compute real rates of capital gains in time periods when there is no official yearly balance

sheets and fill in the gaps in our wealth series. A few notes are in order here.

First, equation 2 computes the uniform q corresponding to uniform saving rates s and growth

rates g. In practice, even when we do not have annual balance sheets series, we generally have

annual series on st and gt, and so we can (and do) make use of these yearly series to compute

more accurate estimates of q. That is, if savings happen mostly at the beginning of the period

the required capital gain effect q > 0 will be smaller than if they are concentrated at the end of

the period. In practice however, it makes relatively little difference.
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